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EQUIVALENCE OF TWO INVERSE BOUNDARY VALUE PROBLEMS 
FOR THE NAVIER-STOKES EQUATIONS 

O. YU. IMANUVILOV AND M. YAMAMOTO 


Abstract. In this note, we prove that for the Navier-Stokes equations, a pair of Dirichlet 
and Neumann data and pressure uniquely correspond to a pair of Dirichlet data and surface 
stress on the boundary. Hence the two inverse boundary value problems in [2] and [3] are 
the same. 

In Imanuvilov and Yamamoto [2], we prove the global uniqueness in determining the 
viscosity fi{x) by all Cauchy data for the Navier-Stokes equations in two dimensions. More 
precisely we can state the result as follows. Let C be a bounded domain with smooth 
boundary dQ and u = [ui, P2) be the outward unit normal vector to <912 and d^v = Vv ■ v. 

We set X = (xi, X 2 ) G and N+ = {0,1, 2,3,....}, jS = (/3i, (52) G (N+)^, and |/3| = P2, 

= 81^82^, 8i = z = 1,2. We consider the stationary Navier-Stokes equations: 

G'^(x,L>)(u,p) ;= I ^(-2aj(^(x)eij(u)) -b Uj8jUi) + 8ip, 

\i=i 
2 

'^{- 28 j{p{x)e 2 j{u)) -b Uj8jU2) + 82P 

j=i 

where u = {ui,U2) is a velocity held, p is a pressure and ejj(u) = ^(8iUj + 8jUi). Let 
e(u) = (ep(u))i<ij<2. 

We dehne the Dirichlet-to-Neumann map A^: 

A;,(f) = {8^u,p)\on, 

where G^(x, D)(u,p) = 0 in fl, u = f on 8 il, divu = 0, u G p G 14^2^ (fl), and 

Il(A^) C A = |f G 1U2^ (542); 3(w, g) G lU2^(r2) X lU2^(r2), Aw-b Vg = 0, divw = 0, wlan = f 

The global uniqueness was proved in [2]: 

Theorem We assume that pi, p 2 G (7^°(42), > 0 on 42 and 8 ^pi = 8 ^p 2 on 8 Q for each 
multi-index (3 with |/5| < 10. If there exists a positive eonstant 6 sueh that 

A,,(f)=A,,(f) VfGAn{||f|| 3 <5}, 
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then = yU 2 in Q,. 

After [2], the paper Lai, Uhlmann and Wang [3] appeared and proved the global uniqneness 
for an inverse bonndary valne problem for the same Navier-Stokes eqnations by using Cauchy 
data 

(u,cr(u,p)iy)|af2, 

where E 2 is the 2x2 identity matrix and the stress tensor cr(u,p) is dehned by a{u,p) = 
2/i(a;)e(u) —pE 2 . Our Cauchy data requires the information of the pressure p on dfl, and in 
[3], it is written that the measurement of p alone on 90 is unnatural. 

However the Cauchy data in [3] are equivalent to our data in [2]. More precisely 

Lemma. Let a subbounfary T of dfl be described by {(xi, 7 (a;i)); xi G /} with some open 
interval I and 7 G Then there exists an invertible 4x4 matrix K{x) G C^{I) such 

that 


/ <9iWi|r \ 



where u G (7^(0) satisfies div u = 0 on dfl and p G (7(0). 

Dividing dfl into several small subboundaries, in view of div u = 0 on dfl, we see by the 
lemma that (u, a{u,p)n)\dn uniquely determines (u, dy\i,p)\dQ,, so that the inverse boundary 
value problem in [3] is the same as [2]. The same relation holds for the three dimensional 
case. 

We note that also for the isotropic Lame system, a pair of surface displacement and 
Neumann derivative uniquely corresponds to a pair of surface displacement and surface 
stress, which can be proved similarly to Lemma 6.1 in Ikehata, Nakamura and Yamamoto 
[!]• 


Proof. Without loss of generality, we can assume that D is located locally below X 2 = 7 (^ 1 ) 
and so we have 


where we set 7 '(xi) 
condition we have 


z/(xi) 


1 

6»(xi) 


^(xi) and 9{xi) = 


a/1 + 7'(xi)2. 


Here by the divergence free 


(92n2)(Ti,7(xi)) = -((9ini)(xi,7(xi)), xi G /. 
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Set g{xi) = Ml( ti, 7(0:1)) and h{xi) = 112(2:1,7(0:1)). Therefore 

(( 9 iMi)(a:i, 7(0:1)) + 7 '(o:i)(92Mi)(o:i,7(xi)) = 5''(o:i) 

and 

{diU2){xi,-f{xi)) -7'(o:)((9iMi)(0:1,7(0:1)) = h'{xi). 
On the other hand, by the dehnition, we have 


( 1 ) 

( 2 ) 


Setting 


a{u,p)i' = 9 {xi) ^ 

qi{xi) 


-2-f'p{diUi){xi,j{xi)) + p{diU2) + p{d2Ui) +pi 

- 2 p{diUi){xi,-i{xi)) -ip{diU 2 ) -ip{d 2 Ui) -p 


q 2 {xi) 


= 9 {xi)a{yi,p)i> for xi G /, we have 


-27'/i(5iMi)(Ti,7(xi)) + p{diU2) + p{d2Ui) + ^7'(0:1,7(0:1)) = gi(o:i) 


and 


( 3 ) 

- 2 ^(( 9 iMl)(0:1,7(0:1)) - pi{diU2) - pi{d2Ui) -p(o:i, 7(0:1)) = ^2(2:1), ( 4 ) 

Setting/i(0:1) = (aiMi)(o:i, 7(0:1)), 72(2:1) = (<9iM2)(2:i, 7(0:1)), fz { xi ) = (<92Mi)(xi, 7(0:1)) and 
74(2:1) = p(2:i), we can rewrite ( 1 ) - ( 4 ) as 


^( 2 : 1 ) 


/ 7 i \ 


/I 0 7' 0 \ 


/ 7 i\ 


( \ 

72 


1 

0 

0 


72 


h' 

73 


-2/iy p p 7' j 


h 


qi 

V 74 y 


V -2/i -P 7 ' -P 7 ' -1 / 


\ fj 


\ 92 / 


xi e I. 


det A = — det 


= (i7'r+2i7r+i)/i^o. 


Multiplying the fourth row of A with 7' and adding to the third row, we have 

1 0 7' 

- 7 ' 1 0 

-4p7' MI-I 7 ?) MI-I 7 ?) 

Since 9 {xi) = a /1 + 7'(2:i)^ > 0 for 0:1 G /, the invertibility of A completes the proof of the 
lemma. 
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